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ABSTRACT
Particle morphology outlines the general analytical method used to describe soil
particles’ structure and shape. The characteristics defining this term include sphericity,
roundness, and surface texture. Particle morphology has a significant influence on sand behavior
and consequently affects dilatancy and friction. Understanding the relationship between shear
strength parameters and particle morphology answers fundamental questions about the
mechanics of granular materials in general and has the potential to enhance the development of
advanced constitutive models that describe granular materials’ behavior.
Many researchers have reported measurements for sphericity, roundness, and surface
texture using both two-dimensional (2D) and three-dimensional (3D) images to analyze the
effects on granular materials’ friction and dilatancy angles. This thesis investigates the influence
of morphology measurements from 3D images on friction and dilatancy of three types of sands
(#1 Dry Glass, GS#40 Columbia, and F-35 Ottawa Sand) and on glass beads. A series of direct
shear experiments were conducted at various normal stresses and densities to achieve this goal.
Experimental measurements of friction and dilatancy angles were compared to findings
in a previous study. A stepwise regression analysis was performed to develop statistical models
predicting friction and dilatancy using the specimen’s relative density, normal stress, and particle
morphology as input parameters. This thesis discusses how these explanatory variables affect the
model and compares the experimental results with the predicted values. A reasonable agreement
is found between the model’s predictions and the experimental results.
The development of simple statistical models capable of accurately predicting friction
and dilatancy values has a major impact on many field applications (e.g., processing granular
materials for industrial and engineering purposes, foundation design, landslides, agricultural and

iv

pharmaceutical products, and future research on granular materials’ behavior). This study
contributes to further advancements in theories predicting granular materials’ behavior and
provides experimental evidence to support improvements of constitutive models that describe the
behavior of sands.
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CHAPTER 1
INTRODUCTION
1.1 Motivation
Morphology refers to soil particles’ shape and structure. Particle morphology influences
particle sliding, rolling, interlocking, bending, and breaking. Moreover, it affects particle
contacts, which in turn influence the particulate system’s friction and dilatancy. The nature and
number of particle contacts with neighboring particles play a major role in granular materials’
shearing resistance. Few studies have been reported in the literature investigating the relationship
between sand’s particle morphology and shear strength. For example, Dodds (2004) and Edil and
Benson (2007) studied particle morphology, but only related roundness to friction as opposed to
considering multiple explanatory variables. Alshibli and Alsaleh (2004) related surface texture to
friction and dilatancy; however, the results were based on limited experimental measurements
and were inconclusive because particle sphericity and roundness were not quantified from 3D
images. In contrast, this thesis investigates the influence of multiple particle morphology
parameters from 3D imaging, as well as normal stress and relative density, on friction and
dilatancy of sand systems.
Silica sands with different morphologies and glass beads were tested in direct shear at
multiple densities and normal stresses to bridge the knowledge gap by developing simple
statistical models relating shear strength parameters to morphology. The direct shear test has
proved to be a simple, inexpensive, and common test for sands and therefore has been used
extensively in research (e.g., Cox 2008, Fern et al. 2015, Edil and Benson 2007, Altun et al.
2011, Duttine and Tatsuoka 2009, Hassen et al. 2016, Cai et al. 2016). Indices have been
reported in the literature to quantify particle morphology and have been linked to granular
materials’ engineering behavior, such as shear strength and deformation characteristics.
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However, the literature lacks a systematic experimental investigation incorporating the influence
of particle morphology’s quantitative measurements on sands’ friction and dilatancy.
Furthermore, the literature has not conclusively determined which of the input parameters
influences sands’ friction and dilatancy the most.
Developing models that define the relationship between shear strength parameters and
morphology will not only enhance the development of constitutive models predicting granular
materials’ behavior but also impact many field applications (e.g., processing granular materials
for industrial applications) and improve designs that use granular materials (e.g., backfill for
mechanically stabilized earth walls). The proposed new models encompass deterministic
parameters (i.e., normal stress and relative density) as well as more complex and problematic
parameters (i.e., sphericity, roundness, and surface texture). Moreover, this thesis investigates
which explanatory variables affect friction and dilatancy the most by conducting stepwise
regression analysis as well as comparing standardized regression estimates. Lastly, the model
was evaluated to prove that predicted values correlate to experimental measurements for both
friction and dilatancy angles.

1.2 Objectives
The main objective of this thesis is to study the influence of particle morphology on
sands’ friction and dilatancy responses by proposing statistical models that outline the influential
parameters (i.e., sphericity, roundness, and surface texture) on sands’ friction and dilatancy while
also considering normal stress and relative density effects. Laboratory direct shear experiments
were conducted on dry sands with various densities, normal stresses, and particle morphologies.
This thesis achieves the following:
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•

Determines the effect of normal stress and relative density on sands’ friction and
dilatancy.

•

Determines the influence of particle morphology (i.e., sphericity, roundness, and surface
texture) on sands’ friction and dilatancy.

•

Develops statistical models to predict critical state and peak friction angles as well as
dilatancy angles by incorporating particle morphology’s influence.

1.3 Thesis Outline
This thesis contains six chapters. Chapter 1 presents the motivation for and objectives of
the thesis. For a better understanding of particle morphology, Chapter 2 presents a literature
review along with a brief description of the direct shear experiment. Sphericity, roundness, and
surface texture are defined; and the particles’ 2D and 3D imaging methods are discussed.
Chapter 2 also discusses previously reported literature on roundness and surface texture and their
effects on friction and dilatancy angles. Chapter 3 describes the direct shear apparatus used for
the laboratory experiments. Included are dimension details and the direct shear box’s
components, the Geojac Automated Load Actuator system, and the DigiShear program. Chapter
4 describes the experimental procedure for specimen preparation as well as background
information about the statistical regression analysis assumptions and methods for modeling the
shear strength parameters. Chapter 5 presents the results and discusses sand behavior based on
direct shear experiments in which particle morphology was linked to experimental measurements
of friction and dilatancy angles. Linear regression models were developed to predict sands’
friction and dilatancy angles. Chapter 6 presents conclusions and recommendations for further
research.

3

CHAPTER 2
LITERATURE REVIEW
2.1 Introduction
This Chapter briefly reviews the direct shear test and sand behavior during shear. The use
of direct shear tests for determining shear strength, friction angle, and dilatancy is summarized.
Particle morphology is defined, and different quantification techniques reported in the literature
are summarized. Previous research investigating the effects of particle roundness and surface
texture on shear strength parameters are discussed.

2.2 Direct Shear
Shear strength is an important property to accurately quantify granular materials for many
applications in geotechnical engineering, manufacturing, and processing. Soil failure can result
in the collapse of supported structures with a major impact on public safety. In addition, many
industrial applications involve handling and processing granular materials. Direct shear testing is
a common and simple procedure to determine granular materials’ shear strength. Many
researchers (e.g., Cox (2008), Fern et al. (2015), Edil and Benson (2007), Altun et al. (2011),
Duttine and Tatsuoka (2009), Hassen et al. (2016), and Cai et al. (2016)) have used direct shear
tests to study shear strength and sand behavior. The first researcher to use the direct shear test in
1776 was Coulomb, followed by other researchers who used it extensively. It is the oldest form
of shear test (Lambe and Whitman 1969); and during the 20th century, many researchers refined
the direct shear test to yield the current ASTM D3080 standard.
Considered a common test for sands, the direct shear test is inexpensive and simple. It
can be used to measure the drained shear strength for both sands and clays. Although clay’s
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drained strengths can be measured, they may not always prove reliable because drainage
conditions cannot be controlled other than by varying the loading rate (Coduto 2001). Other
limitations of direct shear tests include technical difficulties when studying dilatancy (i.e.,
measuring partially saturated sand’s volume change) (Fern et al. 2015) and forcing the shear
failure along a pre-determined failure plane, which may not be the weakest in the specimen. Not
allowing the sand to fail along the weakest shear surface may create nonuniform strains within
the soil mass, resulting in inaccurate measurements during the experiment’s strain-softening
stage (Coduto 2001). For this thesis, the direct shear test is appropriate since it is repeatable and
friction and dilatancy angles are obtainable for dry sand in order to develop better predictions of
strength parameters.

2.3 Sand Behavior
In order to predict granular materials’ behavior during the handling and processing stages
in industrial applications as well as to estimate soils’ bearing capacity, shear strength is required.
Granular materials’ ability to dilate influences the peak friction angle and ultimately the
behaviors during shear failure. Edil and Benson (2007) found that friction angle is generally the
most important property for mechanically stabilizing earth walls and reinforced slopes since
granular material is the preferred fill; therefore, accurate predictions of friction and dilatancy
angles are beneficial. Studying the behavior of shear strength and morphology will ultimately
have a major impact on constitutive models that predict granular soils’ behavior and will in turn
influence field applications.
Friction plays a significant role since it contributes to the sand’s shear strength. In nature,
particularly for granular materials, there is potential for the development of slip planes (i.e., shear

5

bands), which are the prevailing failure mode for dense sands. According to Budhu (2011), since
each contact of a sand particle with another is a potential micro slip plane, loading can cause
multiple micro slip planes aligning in the direction of least resistance. Coulomb’s frictional law
suggests that soil’s resistance to shearing is dependent on the applied normal stress and the
coefficient of friction. The friction angle is defined as the angle between the normal force and
the resultant force (Budhu 2011). The individual sand particles’ frictional properties as well as
the interlocking between the particles influence friction angle. Other factors influencing friction
angle include mineralogy, morphology, gradation, and void ratio (Coduto 2001). However, this
relationship ignores dilatancy contribution to the shear strength of sands. Reynolds (1885)
introduced the concept of granular materials’ dilatancy.
Since sand failure does not necessarily mean collapse, but the imminent movement of one
rigid body relative to another on a slip plane, dilatancy significantly influences the sand’s
behavior during shear failures and should be studied. When sliding is initiated, loose sand tend to
move into void spaces while dense particles ride over each other, resulting in expansion. The
dilatancy angle refers to the sand’s expansion and is calculated from the change in volumetric
strain with respect to the change in shear strain (Budhu 2011). The dilation phenomenon is the
ability of the particles to slide up or down in relation to each other during shearing, resulting in
increased space between the particles when compared to their initial state. Since volume change
is measured directly from normal displacement, dilatancy is easily calculated.
Dense and loose sand’s typical behavior during direct shear testing is shown in Figure
2.1, where the sand reaches its critical state (i.e., it experiences continuous plastic shear strain
with no additional volume change). For dense sand, as the shear strain increases, the shear stress
reaches a peak followed by strain softening and eventually approaches the critical state. The
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Figure 2.1. Shearing Behavior of Granular Soil, from (Budhu 2011)
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Shear Strain

specimens may initially experience volumetric contraction followed by expansion before
reaching the critical state. Dense specimens experience more dilation because of the particles’
arrangement and the distance the particles must translate in order to shear (Figure 2.2). When the
specimen expands in volume, the particle translation adds to shearing resistance. On the other
hand, for loose specimens, shear stress simply increases to a critical state as shear strain
increases and is associated with volumetric contraction. According to Cox (2008), loose sands do
not exhibit slip planes; however, slip planes are formed for dense sands since they occur at the
peak shear strength. The following equations define the shear strength parameters from direct
shear experiments:

(!! )!

Peak friction angle:

! ! ! = !"#!!

Critical state friction angle:

! ! !" = !"#!!

!!
(!! )!"

!"

!!! = !"#!! !"

Peak dilatancy angle:

!!

(2.1)
(2.2)
(2.3)

where !! is the shear stress at peak or critical state denoted as p or cs, respectively; !! is the
normal stress applied; and ! is shear or normal displacement denoted by x or y, respectively.
Normal stress is an important factor to investigate since it significantly influences friction
and dilatancy. Typically, dense sands with low normal effective stress dilate more than sands
with the same density and higher normal stress. As shown in Figure 2.3, as normal effective
stress increases, the amount of dilatancy is suppressed. The curved failure envelope OBC,
represents the dilatancy’s influence with increasing normal effective stress, while the linear
failure envelope OA represents the critical state (Figure 2.3). According to Cox (2008), increased

8

Shearing

2d

<2d

Dense

Expansion
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Figure 2.3. Effects of Dilation on Coulomb’s Failure Envelope (Budhu 2011)
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normal effective stress results in less potential for expansion since it suppresses the particles’
typical behavior of sliding up.
Since dilatancy and friction are important contributors to granular soil’s behavior,
investigating the relationship between the dilation of the sand and friction angle is important. A
loose sand with critical state as the shearing angle has zero dilation. However, the amount of
sand expansion influences dense granular soils’ peak friction angle. According to Coulomb’s
model, with an adjustment value A, friction and dilatancy are related as the following:

!′! = !′!" + !!!!

(2.4)

where !′! is peak friction angle,!!′!" is critical state friction angle, A is the adjustment value
depending on the test, and !! is the peak dilatancy angle. Since both density and effective
normal stress affect the rate of the sand’s dilation, each ultimately influences the sand’s strength
(Bolton 1986; Cox 2008; Chakraborty and Salgado 2010; Siang et al. 2013). The sand’s shear
strength at failure under drained conditions based on Coulomb’s friction law is expressed as the
following:

!! = (!!! )! !tan!(! ! !" ± !! )

(2.5)

where (!!! )! is normal effective stress at failure on the slip plane, ! ! !" is the effective critical
state friction angle, and !! is peak dilatancy angle. Positive dilatancy angle values represent
expansion because of particle rearrangement and sliding (Budhu 2011).
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The peak shear strength is caused by the combination of shear resistance resulting from
sliding, dilatancy, crushing, and rearranging of particles. As shown in Figure 2.4, particle
rearrangement and dilatancy are more prominent at low normal effective stresses. According to
Altun et al. (2011), the rolling of particles is observed under very low shear forces and contact
surfaces decrease because of this phenomenon. Therefore, because of the normal contact forces’
high variability, very low shear forces lead to the particles’ rolling. For a dense specimen,
particles typically override and move from points of contacts during shear, resulting in dilation.
However, Bolton (1986) found that at higher normal stresses, sand particles might be unable to
override and ultimately reduce dilation because of particle crushing. If the particle’s strength is
less than the force that is being transferred, crushing may occur (Altun et al. 2011). At high
normal effective stresses, particle crushing becomes the most influential contributor to shearing
resistance while dilatancy is suppressed to a critical state (Figure 2.4).

Figure 2.4. Contribution of Sliding Friction, Dilatancy, Crushing, and Rearrangement of Particles
on the Peak Shear Strength (Budhu 2011)
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Sands’ shear strength is a function of the soil skeleton’s deformation and the individual
particles’ relative translation. Moreover, Figure 2.4 shows that crushing results in reduced shear
strength in granular soils when compared to particle translation and expansion. Nevertheless, it is
difficult to quantify the shear strength contributed by crushing and rearranging particles from soil
test results. Therefore, the assumption is that shear strength is the combination of shearing
resistance because of both particles’ frictional sliding and dilatancy. In other words, the shearing
resistances resulting from crushing, rearranging particles, and dilatancy are combined (Budhu
2011).

2.4 Particle Morphology
Particle morphology is represented by sphericity, roundness, and surface roughness and is
used to characterize granular particles. Morphology notably affects sand particles’ geometric
arrangement within the soil mass (Cox 2008) and influences sands’ overall behavior (Alshibli et
al. 2014). Consequently, few researchers have quantified morphology with improved techniques
involving 2D and 3D images of sand particles.

2.4.1

Sphericity
Sphericity refers to a particle’s general shape regardless of angularity characteristics such

as corners and edge sharpness. According to Bowman et al. (2000), sphericity is typically most
sensitive to the particle’s elongation. Wadell (1932) defines sphericity as the ratio of the surface
area of a sphere with equal volume as the particle of interest to the particle’s actual surface area:

!
!

= !"#$""!!"!!"#$!!"ℎ!"#$#%&
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(2.6)

where s is the surface area of the sphere with the same volume as the particle of interest and S is
that particle’s actual surface area. A maximum value of 1 represents a spherical particle’s
numerical value. Since particle morphology has scientific, industrial, and commercial importance
(Wadell 1932), granular materials’ sphericity should be investigated.

2.4.2

Roundness
Roundness, which is affected by a particle’s corners and edge sharpness, greatly

influences the sand’s friction angle and strength. Wadell (1932) defines a particle’s roundness as
the ratio of the average radii of all particle corners to a circle’s maximum radius:

!
!

!

= !"#$""!!"!!"#$%$&''!!"!!!!"#$%&'(!!"!!"#!!"#$%

(2.7)

where r is the curvature’s radius in the corner, R is a circle’s maximum radius, and N is the
number of corners in the one plane. Therefore, an increase in edge sharpness would reduce a
particle’s roundness. Maximum roundness would result in a value of 1 in a given plane for
Equation 2.7. Dodds (2004) reported that low particle roundness typically contributed to higher
friction. Moreover, angular particles may increase friction because of a higher potential for sharp
edges to interlock and resist sliding (Dodds 2004; Alshibli and Alsaleh 2004).

2.4.3

Surface Texture
Surface texture refers to the roughness of the particle’s surface. Considering particle

roughness is important in predicting frictional resistance and dilatancy of sands. According to
Altun et al. (2011), sphericity and roundness as well as surface roughness affect particle
13

interlocking. Moreover, surface texture influences interparticle sliding resistance at particle-toparticle contacts. Since surface roughness may influence the contact points of two particle
surfaces during particle rearrangement/translation, it may in turn affect the amount of dilation.
Furthermore, Lambe and Whitman (1969) recognized that the friction mechanism could be
explained such that on a submicroscopic scale, most surfaces are rough; therefore, two solids are
in contact only where high asperities touch one another. Therefore, surface texture must be
considered when investigating particle morphology’s influence on granular materials’ friction. It
should be noted that surface roughness describes the detail of a particle’s surface, but does not
affect the overall shape (Alshibli et al. 2014).

2.5 Quantifying Morphology from 2D or 3D Images
In order to measure sphericity and roundness, previous analyses have typically been done
visually using 2D images of particles. Since accurate volume and edge curvature measurements
are difficult to achieve, charts have been developed. Consequently, the most common method to
characterize particles is based on standardized charts with varying scales of particle roughness,
roundness, and sphericity (Hyslip and Vallejo 1997). Researchers such as Dodds (2004)
characterized roundness and sphericity using a chart developed by Krumbein and Sloss (1963) to
compare selected particles using stereomicroscope analysis. A pinch of sand was analyzed using
a Leica MZ6 stereomicroscope. As shown in Figure 2.5, when moving from left to right in the
chart, the particle increases in roundness. Moving from the bottom to the top of the chart
represents an increase in the particle’s sphericity. It is important to note that a particle may
possess a high degree of roundness, but not a high degree of sphericity (Wadell 1932).
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Figure 2.5. Characterization Chart: Particle Sphericity and Roundness
(Krumbein and Sloss 1963) (Font modifications by author)

According to Cox (2008), charts were later replaced by mathematical definitions such as
the following:

!

!"ℎ!"#$#%& = ! !

(2.8)

!

!!

!"#$%$&'' = ! !!!!

!"#$%

(2.9)

where !! is the inscribed circle’s radius, !! is the circumscribed circle’s radius centered at the
center of mass, A is the particle’s cross sectional area, and !!"#$% is the length of the major axis.
Other morphology calculation methods using 3D imaging have emerged with advances in
computer technology and research. Since sphericity relates to the particle’s gross shape,
measuring the particle’s volume is required. Alshibli et al. (2014) used high-resolution 3D
images to define particle sphericity (!! ) and roundness (!! ) indices. The sphericity index is
defined as the following:
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where Vp is the particle’s actual volume and Vs is the volume of the sphere with a diameter equal
to the shortest diameter of the particle that passes through the particle’s center of mass. Spherical
particles have a value equal to 1. According to Alshibli et al. (2014), particles with !! values less
than 1 indicate that the particle may be kidney-shaped or discoidal (Figure 2.6); but in most cases
sphericity values are greater than unity. A particle’s roundness index is defined as the following:

!! =

!!

!!
!! !!! !!! !
!

(2.11)

where Ap is the particle’s actual 3D surface area, and dL, dI, and dS represent the particle’s
longest, intermediate, and shortest diameters, respectively, passing through the center of mass.
The denominator represents a sphere’s surface area with the diameter equaling the average of dL,
dI, and ds. The roundness index with a value of 1 represents a particle with no asperities and with
the same surface area as a sphere with an equal average diameter.
Alshibli et al. (2014) compared the 2D method to their 3D method and found that
roundness and sphericity measurements do not produce the same results; 2D values yielded
higher roundness values and lower sphericity values compared to 3D quantification. They
concluded that since 2D measurements are dependent on the particle slice’s orientation, the true
short and long axes might not be shown. However, many studies still rely on 2D particle images
while 3D images are rarely used; and when they are, it is usually for larger aggregate samples
(Alshibli et al. 2014).
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Figure 2.6. 3D Image of Particle Sphericity (Alshibli et al. 2014)

Masad et al. (2001) used the surface texture index (TI) to represent the particles’ surface
texture. Other approaches to measuring surface texture include fractal geometry (Hyslip and
Vallejo 1997), fuzzy uncertainty texture spectrum (Lee et al. 1998), and optical interferometry
(Alshibli and Alsaleh 2004). Surface texture measurements using an optical surface profiler
provide a wide range of surface heights. When using optical interferometry, Alshibli et al. (2014)
calculated the average roughness and root mean square roughness. The average roughness (Ra) is
the arithmetic mean of the surface height’s absolute values from the mean plane:

!

!! = !"
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where M and N are the number of pixels in the X and Y directions, and !!" is the surface height
at a specific pixel relative to the reference mean plane. Root mean square roughness (Rq) is
calculated as the following:
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!
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!!!

!
!
!!! !!"

(2.13)

The main disadvantage of using both Ra and Rq is that the influence of a single nontypical peak
or valley is averaged out and produces a small effect on the roughness results. However, using Rq
is more advantageous since the heights are squared so peaks and valleys have more significance
(Alshibli et al. 2014). A sample surface profile is displayed in Figure 2.7.
Overall, quantifying particle morphology with 3D imaging would provide a better
particle representation when compared to 2D imaging since the particle’s orientation would
greatly influence 2D methods. If 2D imaging is preferred, scanning electron microscopes can
display the particle’s surfaces since magnification capabilities are advanced (Cox 2008).
However, 3D particle morphology profiling by instruments such as X-ray computed tomography
(CT) can give more powerful images with non-destructive techniques. 3D CT images also enable
the observation of internal features to investigate real sand particles with a level of detail through
section slices (Fonseca et al. 2012; Alshibli et al. 2014). Recently, synchrotron micro-computed
tomography (SMT), an enhanced 3D imaging approach when compared to conventional CT
images, has quantified particle morphology. Alshibli et al. (2014) introduced new sphericity and
roundness indices through high-resolution 3D SMT images. Moreover, programs such as Avizo
Fire can aid in post-processing 3D images to quantify particle morphology.
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Figure 2.7. Surface Profile of GS#40 Columbia Sand (Alshibli et al. 2014)

2.6 Previous Research
The objective of this thesis is to investigate the relationship between particle morphology
and dilatancy as well as particle morphology’s relationship to friction. Dodds (2004) and Edil
and Benson (2007) analyzed the influence of roundness on friction angle, and Alshibli and
Alsaleh (2004) investigated surface texture’s influence on friction and dilatancy angles. Other
researchers such as Hasan and Alshibli (2010) have created models based on the influence of
normal stress and relative density.
Dodds (2004) quantified roundness for sand and crushed rock using the charts produced
by Krumbien and Sloss (1963) and measured the critical state friction angle for each material
using procedures from Santamarina and Cho (2001). Dodds (2004) concluded that through
rotational disturbance, roundness affects friction angle. Moreover, angular particles interlock; for
angular particles to begin rearranging/translating, greater activation energy is required.
Therefore, Dodds (2004) determined that the critical state friction angles of sand and crushed
rock increase as roundness decreases (Figure 2.8).
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Figure 2.8. Roundness and Friction Angle Relationship (Dodds 2004)

Edil and Benson (2007) investigated granular materials for backfill in mechanically
stabilized earth (MSE) walls. Direct shear tests were conducted on 30 sand samples throughout
Wisconsin to research the relationship between particle roundness and friction. Particle
roundness was quantified using a visual qualitative procedure conducted with an optical
microscope and Krumbein (1941) morphology charts. As shown in Figure 2.9, Edil and Benson
(2007) found that the friction angle decreases as roundness increases and that when comparing
fine and medium sands, larger particles result in greater friction angles.
Other researchers have investigated surface roughness and its influence on friction and
dilatancy. Using 3D imaging, Alshibli and Alsaleh (2004) analyzed three silica sands with
different surface roughness and morphologies. They concluded that peak friction and dilatancy
angles increase as surface roughness increases in all cases. Figures 2.10 and 2.11 display the
effect of sand’s surface roughness on peak friction and dilatancy angles, respectively, for various
relative densities and confining pressures. Additionally, Alshibli and Alsaleh (2004) found that
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Figure 2.9. Roundness and Friction Angles of Fine and Medium Sand (Edil and Benson 2007)

Figure 2.10. Effect of Surface Roughness on Peak Friction Angles (Alshibli and Alsaleh 2004)
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Figure 2.11. Effect of Surface Roughness on Dilatancy Angles (Alshibli and Alsaleh 2004)
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dense specimens and low confining pressures resulted in higher peak friction angles as well as
higher dilatancy angles.
Hasan and Alshibli (2010) investigated the influence of relative density and normal stress
on peak friction angles using triaxial tests on lunar regolith. They developed a model for peak
friction angles that is defined by the following:

! !.!

!! = !!" + !16 !!!!.!
!"

(2.14)

where !′!" is the mean effective stress at critical state and !! is relative density. As relative
density increases, the peak friction angle increases according to Equation 2.14. On the other
hand, increasing the mean effective stress would decrease the peak friction angle. Predictions
based on relative density and mean effective stress are illustrated; however, the model did not
incorporate particle morphology’s influence. Since particle morphology is expected to affect
friction and dilatancy, incorporating these parameters into the model is critical for more accurate
predictions.
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CHAPTER 3
EXPERIMENTAL WORK
3.1 Introduction
This Chapter describes the testing apparatus used to conduct the direct shear experiments
on sands. More specifically, the box’s dimensions and components for the direct shear test are
presented along with a description of the Geojac Automated Load Actuator assembly. In
addition, the Digishear software is described.

3.2 Direct Shear Description
Direct shear experiments are often used to measure sands’ shear strength. According to
Mitachi et al. (1997), the box for the direct shear test, which has been used worldwide, is
classified into three types:
a) Type A: The top platen and upper portion of the shear box are independently allowed to
move vertically and rotate (Skempton and Bishop 1950).
b) Type B: The top platen is fixed to the upper part of the shear box such that both move
vertically or rotate together (Jewell and Wroth 1987).
c) Type C: The upper portion of the shear box is prevented from moving vertically or
rotating; the top platen moves independently but can also be prevented from rotating
(Mikasa 1960; Takada 1993).
The box for the direct shear test for this thesis was Type C, which prevented vertical (i.e.,
normal) movement of the shear box’s upper portion while allowing the top platen to move
independently. The direct shear tests consist of either a cylindrical or prismatic box dividing the
soil specimen into two halves according to ASTM-D3080. The division’s purpose was to fail the
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soil at the specimen’s center. Setup for direct shear tests typically includes cylindrical specimens,
which range from 63.5-76.2 mm in diameter, subjected to a normal effective stress (Coduto
2001). A typical schematic of the test and sand specimen is depicted in Figure 3.1. Moreover,
porous stones were essential for tests to allow the specimen to drain during shearing. The
specimen is typically sheared at a constant displacement rate while maintaining a constant
effective normal stress (!′! ). The test was repeated on similar sand specimens to achieve at least
three experiments at different effective normal stresses.
A shear box with a square cross section measuring 76.2 x 76.2 mm with a 25.4 mm fill
height was used to prepare the specimens in this study. The rigid-wall system for each side of the
custom-made box consisted of acrylic 18 mm thick. The specimen holder was 36.5 mm from the
bottom porous stone to the top of the box. Two alignment and two gap screws secured the two
halves of the box (Figure 3.2). Moreover, porous stones were placed at the bottom and the top of
the specimen during the test, while two adapter pieces enabled the reaction arm to attach the
horizontal load cell to the shear box.

Top block is free to
move up or down to
allow for volume change

Top and bottom blocks with teeth to
grip specimen. Solid spacer block
used in undrained tests, porous
stone blocks in drained tests

Top Block
Yoke
Shear plane
Bottom Block
Base

Figure 3.1. Direct Shear Box Assembly (Lambe and Whitman 1969)
(Font modifications by author)
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Figure 3.2. Photo of the Direct Shear Box

3.3 Geojac Automated Load Actuator System
The Geojac Automated Load Actuator System consists of a supporting frame holding two
actuators to apply the shear and normal load as well as a shear box container to house the direct
shear box (Figure 3.3). Moreover, sensors (i.e., vertical load cell, horizontal load cell, and linear
variable differential transformer (LVDT)) acquired measurements for the experiments. The shear
box container was attached to the horizontal Geojac piston adapter to impose lateral movement.
The LVDT was placed on the vertical load actuator’s deformation rod to measure normal
displacement as the specimen was sheared, while the vertical load cell was attached to the
bottom of the load actuator to measure the normal force applied to the specimen (Figure 3.3). To
measure the shear force, the horizontal load cell was attached to an adapter running through the
alignment block. Lastly, cables connected each sensor to a network module to transmit the
measurements to the DigiShear computer program.
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Figure 3.3. Geojac Automated Load Actuator System
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3.4 DigiShear Program
The DigiShear program monitored and controlled the experiment by applying the desired
shear displacement rate and normal load (Figure 3.4). Specimen information (e.g., height, cross
sectional area, and type of sand tested) was entered into the system. Each sensor was logged in
the program with its specific calibration factor to monitor the normal stress applied, normal
displacement, and the specimen’s shear stress. Lastly, the loading schedule and test data were
entered to provide each experiment’s normal load and displacement rate.
The program also has the capability to display the shear stress versus shear displacement
measurements in real time as well as measurements for normal displacement versus shear
displacement. These measurements are useful for determining when the experiment needs to be
terminated when it reaches a critical state with no significant volume change.
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Figure 3.4. The DigiShear Computer Program’s User Interface
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CHAPTER 4
EXPERIMENTAL PROCEDURE AND STATISTICAL METHODOLOGY
4.1 Introduction
A detailed description of the experimental procedure for specimen preparation and the
direct shear test is presented in this Chapter. The direct shear box’s two halves were first secured,
and then the sand specimen was prepared in the box to the correct density for testing. The
application of normal stress is explained along with the specimen’s shearing procedures. Lastly,
the statistical methods are presented alongside the assumptions to develop the models.

4.2 Specimen Preparation
The direct shear box was assembled with a porous stone at the bottom and the alignment
and gap screws properly placed. Each specimen was prepared within the shear box for the
various dry uniform silica sands (i.e., #1 Dry Glass, GS#40, and F-35 Ottawa Sand) as well as
the standard spherical glass beads. Scanning electron microscope (SEM) images of the sands are
shown in Figures 4.1 and 4.2. All silica sands and glass beads had particle sizes between US
sieves No. 40 (0.425 mm) and No. 50 (0.300 mm); and the specimens were prepared in loose,
medium-dense, and dense states to investigate density’s effect on the granular materials’ friction
and dilation. The range of dry densities to accomplish the various density states as well as the
relative density and amount of sand used to prepare the specimens are summarized in Table 4.1.
The maximum and minimum void ratios determined by Alshibli et al. (2014) were used
to calculate the sands’ and glass beads’ relative density, which is expressed as the following:

!! = !

!!"# !!!!

!"# !!!!!"#
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(4.1)

100 microns

100 microns

a) #1 Dry Glass Sand

100 microns

100 microns

b) GS#40 Columbia Sand
Figure 4.1. SEM Images of #1 Dry Glass and GS#40 Columbia Sand
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100 microns

100 microns

a) Glass Beads

100 microns

100 microns

b) F-35 Ottawa Sand
Figure 4.2. SEM Images of Glass Beads and of F-35 Ottawa Sand
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Table 4.1. Various Sands with Differing Dry Density States
Material
#1 Dry Glass
Sand
GS#40 Columbia
Sand
F-35 Ottawa
Sand
Glass Beads

Density State
Loose
Medium Dense
Dense
Loose
Medium Dense
Dense
Loose
Medium Dense
Dense
Loose
Medium Dense
Dense

Dry Mass
(g)
203.53
219.75
242.48
203.53
221.23
235.06
225.65
241.87
257.64
218.28
228.60
245.13

Dry Density
(g/cm3)
1.38
1.49
1.60
1.38
1.50
1.60
1.53
1.64
1.76
1.48
1.55
1.62

!!
(%)

11.9
73.0
125.6
10.5
71.2
114.8
16.5
76.6
133.7
68.2
136.5
198.8

where !!"# is the maximum void ratio, !!"# is the minimum void ratio, and ! is the specimen’s
void ratio. The dry sand’s mass needed in order to achieve the target loose and medium-dense
conditions was calculated for the specimens, and that amount correlated to the shear box’s
volume. The dry sand was then carefully poured into the direct shear box.
Loose conditions were achieved by depositing the sand through a funnel with an innerstem diameter of 9.55 mm. The sand was slowly deposited until the shear box was filled using a
5 mm drop height, which reduced the energy of the sand particles as they were placed in the
direct shear box. Once the first layer was placed, the process was repeated to deposit the
remaining layers. After reaching the target height, the top porous stone was secured.
A medium-dense state was achieved using a similar procedure and a larger funnel with an
inner-stem diameter of 14.25 mm. The sand was slowly deposited using a 30 mm drop height,
allowing more energy for the sand deposit. After the mass of sand was deposited, the specimen
was typically less dense than the target density. The porous stone, cap, and small mass were
placed on top of the specimen; and all four sides of the direct shear box were gently tapped with
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a rubber mallet to achieve a denser state. The small mass of 1000 g was placed on top to help
densify the specimen.
The same method used for the medium-dense state was attempted for a dense state with
more taps to the sides, but was insufficient to yield the target density. Therefore, air pluviation
(i.e., raining) of sand was adopted with a large drop height to achieve a dense state using AlShibli et al.’s (1996) apparatus. As shown in Figure 4.3, the dry air pluviation apparatus
consisted of four identical No. 4 sieves (4.75 mm) with openings staggered at 45 degrees to
provide more energy to the sand particles. Dry sand flowed out of a funnel with an inner-stem
diameter of 14.25 mm and was diffused through the sieves, which were 0.254 m below the
funnel. The drop height to the top of the specimen was 0.967 m. The direct shear box was placed
in a bucket so that the sand could rain into a larger radius than the specimen holder’s. The mass
of dry sand and density achieved for each specimen using air pluviation is shown in Table 4.1.

Figure 4.3. Air Pluviation Apparatus
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4.3 Test Procedure
The specimen within the direct shear box was placed into the Geojac Automated Load
Actuator assembly with a snug fit at the bottom of the box. The loading cap was placed on top of
the porous stone with a loading ball assembly, and the reaction arm connecting the horizontal
load cell to the top half of the box was then positioned and tightened. A normal force applied by
the actuator was determined by the target normal stresses of 15, 50, 100, and 400 kPa and were
calculated based on the specimen area. Different load cells were selected for each normal stress
to ensure accurate measurements. The 50 lb (222 N) load cell, which was ± 0.03% accurate, was
used for the 15 kPa experiments, while the 250 lb (1112 N) load cell, which was ± 0.025%
accurate, was used for the 50 and 100 kPa normal stresses. The 500 lb (2224 N) load cell, which
was ± 0.053% accurate, was used for the 400 kPa normal stress experiments. Horizontal load
cells measuring the shear force consisted of a load cell of 250 lb (1112 N) for the 15 kPa normal
stress experiment while the 500 lb (2224 N) load cell, which was ± 0.025% accurate, was used
for the 50, 100, and 400 kPa tests. The LVDT used for all the experiments had a range of 76.2
mm (± 0.05 mm accuracy).
The sensor properties were verified with appropriate calibration factors and then zeroed
within the DigiShear program. The loading schedules were entered to apply a constant normal
stress throughout the experiment. Specimen data, test data, and a displacement rate of 0.40
mm/min were used for all experiments; after the normal stress was applied, the alignment screws
were removed to allow the bottom half of the box to slide once the experiment began. Then, a ¼
turn of the gap screws was executed to lift the top half of the box approximately 0.15 mm to
create a gap between the two acrylic halves, thus reducing any friction the specimen holder
caused when sliding. The direct shear test was started, and the data acquisition system recorded
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and saved the results. After the specimen sheared and experienced failure with no significant
volume change, the experiment was terminated. Then the sand was collected for fracture
investigations whereby the sand was passed through sieve No. 50 (0.300 mm), and the
percentage of particles fractured during testing was calculated.

4.4 Statistical Regression Methodology
Regression analysis is one of the most widely used statistical methods describing the
relationship between explanatory variables and a response variable. Multiple assumptions for the
analysis as well as the stepwise regression’s variable selection method are discussed in this
section. Once the models were developed, an evaluation was performed, including investigation
of Cook’s D, analysis of variance, collinearity by variance of inflation, nonlinearity and outliers
based on residuals, normality of residuals, and goodness of fit. Lastly, predicted values were
compared to experimental calculations. Since 3D imaging was not performed for each
experiment, random sampling from previous research was used to link particle morphology to
friction and dilatancy angles.
The experimental response variables as well as morphology data were compiled for each
experiment using the Statistical Analysis System (SAS) Enterprise Guide 7.1, a software system
used for statistical analyses. Random sampling with one standard deviation about the mean on
the statistical summary from Alshibli et al. (2014) was conducted to determine values for
sphericity, roundness, and surface texture for each test. Since these measurements were taken for
individual particles, determining each specimen’s morphology by random sampling was
advantageous compared to using a constant value per sand because random sampling was more
rigorous by providing more variance of values for the sands as opposed to assuming constant
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morphology indices (e.g., mean value). Moreover, random sampling allowed each experimental
observation value of morphology to be drawn independently. The linear regression was
investigated after the experimental calculations and morphology indices were compiled.
The linear regression method evaluated the relationship of the response variables (i.e.,
friction and dilatancy) to the explanatory variables (i.e., normal stress, relative density,
sphericity, roundness, and surface texture). One requirement for this method includes unit-ofassociation, which states that these explanatory variables are indeed related to friction and
dilatancy. Since evidence in the literature indicates that deterministic (i.e., normal stress and
relative density) and problemistic variables (i.e., morphology) influence friction and dilatancy,
the unit-of-association requirement is satisfied (i.e., Dodds 2004; Cox 2008; Edil and Benson
2007; Alshibli and Alsaleh 2004).
The data under investigation was used to fit a prediction line including the dependent
variable (y) and independent variables (x), where the slope is constant as x changes (Longnecker
and Ott 2010). The linear regression function is expressed as the following:

! = !! + !! !! + !! !! … + !

(4.2)

where y is the dependent variable, x are the independent variables, !! is the intercept, ! is the
coefficient of predicted change in y when there is one-unit change in x, and ! is the random error
term. According to Longnecker and Ott (2010), the formal assumptions for regression analysis
include that the relationship is in fact linear, that all errors have the same variance and are
independent of each other, and that the errors are normally distributed. These errors are called
residuals and are investigated to determine if the linear regression’s assumptions are violated.
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The residuals were investigated after the regression analysis (stepwise regression) was performed
and the model was observed.
The stepwise regression procedure was conducted to select the best linear regression
models for friction and dilatancy angles. This process determined each explanatory variable’s
significance and enabled the model building to begin by adding one variable at a time until the
criterion was satisfied. The model’s initial most-influential variable was chosen based on the Ftest for regression, whereby SAS compared calculated F-values to the ones at the desired
significance level. This step of introducing one additional variable was repeated to produce the
largest F-value for the regression, thus creating a more successful model. During this process,
variables that had previously entered the model could be dropped after other terms were added to
improve the model. Thus, adding or removing variables based on their overall significance
developed the linear regression model. This process was conducted with a significance level of
0.15 to enter the model and a significance level of 0.05 to remain in the model.
After the regression was selected, the parameter estimates were observed before
investigating the assumptions to ensure that the models were worth considering. Cook’s D and
the analysis of variance are two forms of observations that are critical for determining a model’s
success. Cook’s D statistics aids in identifying highly influential observations. According to
Longnecker and Ott (2010), it is recommended that D values greater than 1 be investigated. Once
a highly influential observation (e.g., one GS#40 Columbia experiment) is identified, how the
model changes with the omission of that observation is assessed. Therefore, Cook’s D statistics
was conducted and one highly influential observation was omitted (i.e., GS#40 Columbia with
normal stress of 15 kPa under dense conditions). Then the analysis of variance was performed to
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provide information on the variability within the model. Evaluating the large F-value associated
with a small p-value, SAS indicated that these models were worth investigating.
Since there was evidence that these models were worth considering, collinearity was
investigated. A collinearity problem indicates that two or more of the predictors are highly
correlated and that only one of those predictors is needed to explain the variation in friction and
dilatancy. The process of determining collinearity issues includes analyzing the explanatory
variables’ variance of inflation (VIF) values (i.e., the amount of variance of a coefficient is
increased because of collinearity). Small VIF values ensure that experimental procedures are
uniformly conducted across all experimental components. A VIF value greater than 10 indicates
a serious issue with collinearity (Longnecker and Ott 2010).
Nonlinearity and outliers should then be evaluated by visually observing the residuals to
find evidence of how accurately the model predicts actual values. This observation includes
looking at the residuals’ size based on the residual standard deviation (!! ) when plotting
studentized residual versus predicted value. Any value greater than ±3!! should be examined to
explore if it is an outlier and a poor fit to the model. Studentized residuals falling within ±3!!
indicates no outliers for the model. In general, another indicator of a model’s satisfactory fit is
the display of randomly scattered residuals (Stevens 1984).
Normality of residuals was the last model evaluation performed to satisfy the assumption
for a regression model. The residuals’ quartile-quartile plots were observed, and the residuals’
normality was judged by a close fit to the 1:1 line. Moreover, the Shapiro-Wilk test, a statistics
measurement for normality, was conducted to ensure that the residuals were indeed normally
distributed.

39

The adjusted coefficient of determination, adj. R2, was then evaluated to determine the
proportion of variation in friction and dilatancy. Adj. R2 is advantageous over R2 since increasing
the number of terms in the model would not always increase the value, thus penalizing adj. R2
for including variables that do not reasonably improve the model (Longnecker and Ott 2010). An
adj. R2 value of 0.90 would indicate that the explanatory variables’ linear combination would
explain approximately 90% of the variation in the response variable. According to Anastas’s
(1999) study on the interpretation of correlations’ strength, an R2 value of 0.64 or greater
represents a strong relationship. Lastly, predicted values from the model were evaluated,
including assessment of predicted versus experimental values and a 95% prediction interval. The
prediction interval was displayed to show the range for 95% of future predictions when using the
developed models.
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CHAPTER 5
RESULTS AND DISCUSSION OF GRANULAR SOIL MODEL
5.1 Introduction
This Chapter presents the experimental results as well as the statistical analyses. The
direct shear test results are discussed in detail for the various sands and glass beads, which
includes the normalized shear stress and the normal displacement versus shear displacement and
the measured friction and dilatancy angle. Particle fracture analysis is presented as well as the
typical trends for particle morphology. Statistical modeling and evaluation of the results are
summarized for critical state friction, peak friction, and dilatancy angles. The most influential
variable (i.e., normal stress, relative density, sphericity, roundness, or surface texture) that
constituted the models for the shear strength parameters is presented. Finally, predicted values
from the model are compared to the experimental measurements.

5.2 Direct Shear Experiments
Direct shear experiments were performed on three types of silica sands and glass beads to
determine the friction and dilatancy angles. The resulting shear stress normalized by the normal
stress applied during shearing (τ/σN) versus shear displacement as well as the normal
displacement versus shear displacement relationships are depicted for glass beads and silica
sands. In this thesis, specimen dilation (i.e., expansion) is considered positive, which is the
opposite of the convention used in Figure 2.1. Initial experiments under the same conditions
were conducted with repetitive results and are shown in the Appendix; therefore, for this study
one set for each condition is reported. Based on the relationship of normalized shear stress versus
shear displacement, the peak and critical state friction angles were determined using Equations
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2.1 and 2.2. Moreover, the relationship of normal versus shear displacement was used to
determine peak dilatancy angles based on Equation 2.3.
A statistical summary of morphology parameters is presented in Table 5.1 for the tested
sands and glass beads. The particle morphology indices were determined by Alshibli et al. (2014)
using Equations 2.10, 2.11, and 2.13 for sphericity, roundness, and surface texture, respectively.
A value of unity for IS and IR represents the most spherical particle with round edges. A value
much greater than unity represents a non-spherical particle, while roundness has a maximum
value of 1. On the other hand, surface texture depends on the surface heights’ deviation, where a
larger value represents a rougher particle surface. The sands and glass beads were ranked in
ascending order of roundness: GS#40 Columbia, #1 Dry Glass, F-35 Ottawa, and glass beads.
The materials were also ranked in ascending order of sphericity: F-35 Ottawa, #1 Dry Glass,
GS#40 Columbia, and glass beads. Glass beads did not prove to be perfectly round and spherical
because of manufacturing defects. In ascending order of surface texture, the materials were
ranked as glass beads, GS#40 Columbia, #1 Dry Glass, and F-35 Ottawa Sand.

Table 5.1. Statistical Summary of Sphericity, Roundness, and Surface Texture Indices
(Alshibli et al. 2014)
Material
#1 Dry Glass Sand

Parameter
IS
IR
Mean
1.704
0.937
SD
0.859
0.106
GS#40 Columbia
Mean
1.674
0.924
Grout Sand
SD
0.799
0.099
Glass Beads
Mean
1.096
0.965
SD
0.443
0.043
F-35 Ottawa Sand
Mean
1.872
0.959
SD
0.732
0.083
Note: IS = 1 indicates a spherical particle.
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Rq
1.990
1.135
1.923
1.986
0.381
0.947
2.084
1.693

5.2.1

#1 Dry Glass Sand
Figures 5.1(a) and 5.1(b) show the normalized shear stress versus shear displacement and

the normal versus shear displacement, respectively, for dense #1 Dry Glass at different normal
stresses. As shear displacement increased, τ/σN increased to a peak and then decreased and
approached a critical state at about 5 mm of shear displacement. All dense specimens followed
similar trends. The dense packing resulted in a peak shear stress caused by a higher degree of
interlocking and interaction among the particles. Particle crushing was not a significant factor
since fracture analysis indicated only a very small amount of fracture for the sands and glass
beads. A critical state was reached when there was no additional volume change as shearing
continued. As normal stress increased, τ/σN decreased because dilatation was suppressed as a
result of increased normal stress suppressing the potential of particles to roll over each other. As
shown in Figure 5.1(b), the specimen slightly contracted and then dilated and eventually reached
a critical state. This response correlates with the critical state in the normalized shear stress
versus the shear displacement relationship in which there is no additional change in volume with
continued shearing.
At the beginning of the experiment (Figure 5.1(b)), a small contraction occurred as a
result of the particle rearrangement from the normal stress’s initial application. Afterwards, the
rate of dilation was high and then decreased to approach the critical state. Therefore, expansion
occurred from the particles’ initial dense state to a looser state until a critical void ratio was
reached. As shearing occurred, particles rolled over each other causing dilation because dense
specimens’ sliding is typically initiated on an inclined plane rather than a horizontal plane
(Budhu 2011).
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Figure 5.1. Normalized Shear Stress and Normal Displacement versus Shear Displacement for #1 Dry Glass Sand
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Figures 5.1(c) through 5.1(f) display the normalized shear stress versus the shear
displacement as well as the normal displacement versus the shear displacement of medium-dense
and loose specimens. Similar behaviors are displayed in Figure 5.1(c) when compared to Figure
5.1(a) with τ/σN reaching a peak and then decreasing to a critical state with further shearing for
medium-dense and dense conditions. The sand and glass beads reached a band range of critical
state. When the relative density was decreased from a dense to a medium-dense condition, each
corresponding experiment decreased in τ/σN. The normalized peak shear stress values for the
dense specimens ranged from approximately 0.75 to 0.90 while the medium-dense specimens’
values were typically 0.6. An increase in sand density increased the number of particle contacts,
increasing shear strength because of interlocking.
The normal versus shear displacement for medium-dense specimens (Figure 5.1(d)) had
trends similar to those shown in Figure 5.1(b) with an initial contraction and then dilation to a
critical state. When the relative density was varied from dense to medium dense, the specimen
did not dilate as much for the medium-dense condition. For a dense specimen, the normal
displacement at the critical state was approximately 1.05 mm while for a medium-dense
specimen it was approximately 0.58 mm because the more densely packed particles, compared to
looser ones, had more potential to roll over each other and then expand.
Figure 5.1(e) displays the loose specimens’ normalized shear stress versus shear
displacement, following a relatively different trend. The loose specimens’ τ/σN gradually
increased until reaching a critical state value where there was no increase in τ/σN with further
shearing. Therefore, τ/σN did not exhibit a peak state and simply increased to a critical state for
loose specimens.
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Only a small amount of dilation was displayed for the loose specimens. As shown in
Figure 5.1(f), the loose specimens contracted and then slightly dilated as shear displacement
increased until the end of the experiment. Specimens with normal stresses of 50, 100, and 400
kPa contracted and then slightly expanded, but did not achieve the initial height because particles
within loose specimens typically slide/roll on the horizontal plane and then move into void
spaces, resulting in compression. Once compressed to a denser state, the specimens slightly
expanded. For normal stress of 15 kPa with loose conditions, the specimen initially contracted
and then dilated slightly above its initial height. More dilation occurred because at low normal
stresses, the specimen was less suppressed as it was sheared. Overall, the loose specimens
contracted more than the medium dense and dense specimens.
In summary, the peak and critical state friction angles from the normalized shear stress
versus shear displacement relationship are displayed in Table 5.2 as well as the dilatancy angles
from the normal versus shear displacement relationship. The friction and dilatancy angles were
calculated using Equations 2.1 through 2.3. Moreover, initial dry densities, void ratios, and
relative densities are displayed for each experiment. The dense specimens’ relative density
values were greater than 100% since the specimens’ void ratio was smaller than the sand’s
typical !!"# values. Therefore, the air pluviation technique employed in this study produced
specimens with higher densities than the maximum index density based on the ASTM D4253
procedure.
Higher density and a low normal stress resulted in a higher τ/σN followed by a more
pronounced approach to a critical state. However, looser specimens exhibited larger τ/σN than
medium-dense specimens, which was slightly larger than expected. The typical trend for friction
angle is that as normal stress increases, friction angle decreases. For example, with normal
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Table 5.2. Summary of #1 Dry Glass Sand’s Measured Friction and Dilatancy Angles
Summary #1 Dry Glass
Test
Loose

Medium
Dense

Dense

!!
(kPa)

!!
(g/cm3)

!

!!
(%)

!!
(deg.)

!!"
(deg.)

!
(deg.)

15
50
100
400
15
50
100
400
15
50
100
400

1.377
1.382
1.378
1.382
1.491
1.486
1.489
1.493
1.596
1.605
1.604
1.601

0.924
0.917
0.922
0.916
0.777
0.783
0.779
0.774
0.660
0.651
0.651
0.654

10.0
12.5
10.3
13.2
73.4
70.7
72.2
74.3
123.7
127.5
127.6
126.2

N/A
N/A
N/A
N/A
32.5
32.5
31.8
30.9
41.6
39.9
38.0
38.5

36.0
36.3
34.2
31.2
31.5
31.3
29.1
28.7
36.5
36.0
35.0
30.2

2.3
2.3
1.8
1.8
11.5
10.0
9.1
8.4
18.1
16.6
16.0
15.4

stresses of 15, 50, 100 and 400 kPa for a dense specimen, the peak friction angles were found to
be 41.6°, 39.9°, 38.0°, and 38.5°, respectively, because for dense sands, the peak friction angle at
peak shear stresses was dependent on granular soil dilation. At low normal stresses, dilatancy
and particle rearrangement are the main contributors in influencing shearing resistance when
compared to higher normal stresses. Therefore, at low normal effective stress more dilation
occurs, increasing peak friction. However, increased normal stress suppresses the specimen as
shear displacement is increased; therefore, the specimen is not as free to expand. When varying
from a dense to a loose specimen, the dilatancy angles decrease. For example, with 15 kPa
normal stress, the dilatancy angles were 18.1, 11.5, and 2.3° for dense, medium-dense, and loose
specimens, respectively. The loose specimens’ dilatancy angle significantly decreased because
the particle contracted more and then only slightly expanded to a critical state.

47

5.2.2

GS#40 Columbia Sand
Figures 5.2(a), 5.2(c), and 5.2(e) display the normalized shear stress versus shear

displacement for GS#40 Columbia Sand dense, medium-dense, and loose specimens,
respectively. A similar trend for τ/σN was observed when compared to #1 Dry Glass Sand except
the medium-dense specimens had a less defined peak. A higher density and low normal stress
resulted in a higher τ/σN followed by a more pronounced approach to a critical state. Moreover,
increasing density resulted in an increase in τ/σN and an emergence of a peak state while τ/σN of
loose specimens gradually increased until reaching a critical state where τ/σN did not increase
with further shearing. Figures 5.2(b), 5.2(d), and 5.2(f) display the normal versus shear
displacement relationship for the dense, medium-dense, and loose specimens, respectively. The
same trend of initially contracting and then dilating to a critical state was observed in each
experiment. However, GS#40 Columbia Sand contracted less compared to #1 Dry Glass Sand.
This result could be attributed to GS#40 Columbia Sand’s particle morphology being less
rounded and having a rougher surface than #1 Dry Glass Sand. Moreover, during dilation to a
critical state, the normal displacement was slightly less than #1 Dry Glass. Table 5.3 presents a
summary of GS#40 Columbia Sand’s results including friction angles, dilatancy angles, initial
densities, void ratios, and relative densities.

5.2.3

Glass Beads
Figures 5.3(a), 5.3(c), and 5.3(e) display the normalized shear stress versus shear

displacement for dense, medium-dense, and loose specimens, respectively, for glass beads. As
shear displacement increased, τ/σN showed similar trends to those of GS#40 Columbia Sand. The
medium-dense specimens only slightly peaked and then leveled to a critical state. The glass
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Figure 5.2. Normalized Shear Stress and Normal Displacement versus Shear Displacement for GS #40 Columbia Sand
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Table 5.3. Summary of GS#40 Columbia Grout Sand’s Measured Friction and Dilatancy Angles
Summary GS#40 Columbia Grout Sand
Test
Loose

Medium
Dense

Dense

!!
(kPa)

!!
(g/cm3)

!

!!
(%)

!!
(deg.)

!!"
(deg.)

!
(deg.)

15
50
100
400
15
50
100
400
15
50
100
400

1.379
1.382
1.383
1.379
1.503
1.501
1.504
1.501
1.596
1.597
1.598
1.597

0.920
0.916
0.915
0.920
0.762
0.764
0.762
0.764
0.659
0.659
0.657
0.658

10.1
11.7
12.1
10.1
72.7
71.8
72.8
71.7
113.2
113.2
114.0
113.3

N/A
N/A
N/A
N/A
34.9
33.5
32.0
32.8
42.2
42.2
37.8
37.7

35.2
34.0
33.6
31.7
34.4
33.1
30.6
28.9
36.8
33.8
32.2
31.3

1.7
1.6
1.5
1.0
11.4
9.5
9.4
8.8
17.3
16.6
16.6
16.0
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Figure 5.3. Normalized Shear Stress and Normal Displacement versus Shear Displacement for Glass Beads

51

beads’ τ/σN measurements were not as smooth as the two previously discussed types of sands.
This oscillation is attributed to the slip-stick behavior between the particles during shearing,
when the particles momentarily stick, in turn causing constant resistance, and then slip causing a
sudden drop. Glass beads have relatively uniform sphericity and roundness as well as a smoother
surface when compared to the silica sands, thus causing the slip-stick behavior. Alshibli and
Roussel (2006) also reported glass beads’ slip-stick behavior.
Figures 5.3(b), 5.3(d), and 5.3(f) show the normal versus shear displacement for dense,
medium-dense, and loose specimen, respectively. No significant contraction was observed at the
beginning of the experiment for the dense and medium-dense specimens, unlike the expansion of
#1 Dry Glass and GS#40 Columbia Grout Sand. Thus, as shear displacement increased, the
specimens dilated until it reached a critical state at a smaller normal and shear displacement (3.5
mm). This phenomenon could be a result of the rough oscillatory behavior of glass beads as they
are sheared. Figure 5.3(f) displays the results of experiments with loose specimens in which the
behavior also differed from that of the two previous sands. As shear displacement increased, only
very slight contraction occurred followed by dilation before reaching a critical state. The
summary values for friction angles, dilatancy angles, initial densities, void ratios, and relative
densities are shown in Table 5.4.

5.2.4

F-35 Ottawa Sand
Figures 5.4(a), 5.4(c), and 5.4(e) display the normalized shear stress versus shear

displacement for dense, medium-dense, and loose specimens, respectively for F-35 Ottawa Sand.
Figure 5.4(a) shows dense specimens with similar trends as those of the other three types of
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Table 5.4. Summary of Glass Beads’ Measured Friction and Dilatancy Angles
Summary Glass Beads
Test
Loose

Medium
Dense

Dense

!!
(kPa)

!!
(g/cm3)

!

!!
(%)

!!
(deg.)

!!"
(deg.)

!
(deg.)

15
50
100
400
15
50
100
400
15
50
100
400

1.482
1.476
1.480
1.479
1.547
1.552
1.546
1.547
1.620
1.622
1.614
1.613

0.720
0.727
0.723
0.724
0.648
0.642
0.649
0.648
0.573
0.572
0.579
0.581

69.6
63.5
67.7
66.9
133.2
138.5
132.6
133.6
198.8
200.0
193.9
192.2

N/A
N/A
N/A
N/A
25.0
26.6
26.1
26.2
32.9
32.9
32.8
32.2

26.9
25.9
23.5
23.4
25.0
23.8
22.1
21.6
26.0
25.6
24.7
24.5

3.6
2.8
2.1
2.2
12.9
10.8
10.6
8.6
19.3
18.6
17.7
15.1
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Figure 5.4. Normalized Shear Stress and Normal Displacement versus Shear Displacement for F-35 Ottawa Sand
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(f)

sands’; where as shear displacement increased, τ/σN increased to a peak and then approached a
critical state. Moreover, Figure 5.4(c) shows that the medium-dense specimens increased in τ/σN
to a slight peak and then decreased to a critical state as shear displacement increased, while
Figure 5.4(e) displays the results for loose specimens, in which τ/σN simply increased to a critical
state. The same behavior was observed when normal stress with a constant density varied.
Figures 5.4(b), 5.4(d), and 5.4(f) display the normal versus shear displacement for dense,
medium-dense, and loose specimens, respectively. Figures 5.4(b) and 5.4(d) do not show
significant contraction, but rather expansion until reaching a critical state for dense and mediumdense specimens. On the other hand, Figure 5.4(f) shows that loose specimens contracted
initially and then expanded to a critical state. Specimens with normal stress conditions of 50,
100, and 400 kPa dilated such that the final height was similar to the initial height. For the
experiments with 15 kPa normal stress, the specimen contracted and then expanded past the
initial height since less normal stress was suppressing the specimen’s tendency to expand. The
friction and dilatancy angles from the normalized shear stress versus shear displacement and
normal versus shear displacement relationships are listed in Table 5.5.
Overall, increasing normal stresses decreased the shear strength parameters such as
friction and dilatancy angles. This trend was evident throughout most of the experiments. The
explanation for this trend is that the high normal stress suppressed the particles’ ability to expand
during shearing, resulting in smaller dilatancy and peak friction angles. Relative density’s
influence was also observed; while the specimen’s density shifted from dense to loose, the
friction and dilatancy angles decreased.
The slightly different behavior observed in the three types of silica sands and glass beads
is most likely attributable to particle morphology. Increasing the particle’s sphericity typically
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Table 5.5. Summary of F-35 Ottawa Sand’s Measured Friction and Dilatancy Angles
Summary F-35 Ottawa Sand
Test
Loose

Medium
Dense

Dense

!!
(kPa)

!!
(g/cm3)

!

!!
(%)

!!
(deg.)

!!"
(deg.)

!
(deg.)

15
50
100
400
15
50
100
400
15
50
100
400

1.530
1.530
1.531
1.529
1.642
1.641
1.639
1.643
1.757
1.759
1.753
1.756

0.731
0.732
0.731
0.732
0.613
0.614
0.616
0.613
0.507
0.506
0.511
0.508

16.1
16.2
16.6
15.7
77.6
77.2
76.0
77.8
132.5
133.2
130.6
132.0

N/A
N/A
N/A
N/A
32.9
33.4
32.5
32.21
40.00
39.8
38.0
38.2

34.7
32.6
32.6
30.9
32.9
31.0
30.0
28.1
36.1
32.8
29.4
29.2

2.8
2.9
2.3
2.3
13.4
12.2
11.1
8.8
19.1
19.6
18.9
17.5

decreased the sands’ and glass beads’ τ/σN. For example, comparing the dense specimens’ τ/σN
for glass beads (i.e., spherical, smooth, and rounded particles) and for F-35 Ottawa Sand (i.e.,
less spherical, rougher surface, and less rounded particles), approximate values of 0.55 and 0.70,
respectively, were found for τ/σN critical state. Therefore, less spherical particles contributed
more to particle resistance such as interlocking, resulting in increased τ/σN. A less rounded
particle with a rougher surface contributed to particle resistance and increased τ/σN as well.
Particle morphology also attributed to the sands’ slightly different dilation behaviors. Glass
beads and F-35 Ottawa Sand specimens expanded to a normal displacement value of
approximately 0.5 and 0.8 mm, respectively, for dense specimens. Thus, less spherical, rougher
surfaces, and less rounded particles contributed to increased specimen expansion because of
particle rearrangement/translation, unlike the stick-slip behavior of the spherical, smooth, and
rounded particles of glass beads.
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5.3 Particle Fracture Analysis
After each direct shear experiment, the sheared sand specimens were sieved to determine
the amount passing through the US sieve No. 50 (0.300 mm). The passing amount represents the
fracture the sand exhibited during the direct shear test. Comparing the fractured particles’ weight
divided by the total weight yielded the percentage of fractured particles. As normal stress
increased, the sand typically exhibited more particle fracture. Once the particle’s strength was
less than the force being transferred, its limit was exceeded and hence particle fracture occurred.
Moreover, increasing specimen density resulted in more fracture, as was expected. Since the
particles were more densely packed initially, they had to overcome particle-on-particle resistance
(e.g., rearranging and interlocking), which might have contributed to some of the particle
fracture. The average percentage of particle fracture for each material’s 12 tests is presented in
Table 5.6. The sphericity, roundness, and surface texture rank is shown with a value of 1 being
the least and 4 being the most. Internal composition and structure played a role, as well as
particle morphology (e.g., fracturing of a particle’s sharp edges during translation). Overall, the
percentage of fractured particles was less than 1%, a very small percentage of the total amount of
sand, demonstrating that particle fracturing was not a major contributor to frictional resistance.

Table 5.6. Average Fracture Percentages
Material
#1 Dry Glass
Sand
Glass Beads
GS#40 Columbia
Sand
F-35 Ottawa
Sand

Fracture
(%)
0.926

Sphericity
Rank
2

Roundness
Rank
2

Surface Texture
Rank
3

0.542

4

4

1

0.486

3

1

2

0.104

1

3

4
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5.4 Particle Morphology Trends
Before statistical modeling, typical trends were observed when the values of sphericity,
roundness, and surface texture were carefully analyzed. For both peak and critical state friction
angles, as sphericity increased in a value greater than unity, the friction angles increased.
Therefore, a less spherical particle increases frictional resistance. As roundness increased, the
critical state and peak friction angle slightly decreased in value. This finding indicates that a
more rounded edge decreases friction. There was only a slight influence, which could have
resulted from the small range of roundness for the tested sands (mean range = 0.204). As surface
texture increased, both peak and critical state friction angles also increased.
For dilatancy angles, sphericity and surface texture had more influence than roundness.
As the sphericity value increased past unity, dilatancy angles typically increased, indicating that
a less spherical particle may result in more expansion. For roundness, the dilatancy angles barely
decreased as the roundness value increased. As surface texture increased, the dilatancy angle
slightly increased, possibly because smoother particles, such as glass beads, tend to slip,
resulting in less expansion.

5.5 Statistical Modeling Evaluation and Results
Regression analysis, one of the most widely used statistical techniques, was adopted to
model the relationship between explanatory variables and a response variable. The explanatory
variables (i.e., normal stress, relative density, sphericity, roundness, and surface texture) were
used to determine their effect on the sands’ friction and dilatancy (i.e., response variables). A
random sampling technique with one standard deviation was performed on the morphology
indices listed in Table 5.1 to represent each experiment’s morphology characteristics correlating
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to friction and dilatancy angles summarized in Tables 5.2 through 5.5. Since multiple influential
variables likely affect the critical state friction, peak friction, and dilatancy angles, a linear
regression model determining which explanatory variables are significant should be developed.
Evaluating multiple explanatory (or independent) variables using stepwise regression would
determine which of these independent variables is most influential.
Using Cook’s D, one extreme influential point had a value greater than 1, which
according to Longnecker and Ott (2010) should be examined. Consequently, the experiment for
GS#40 Columbia Sand with a normal stress of 15 kPa under dense condition was eliminated
since this influential point caused minor inaccuracies in the models. Therefore, the final models
discussed exclude this observation.
In this thesis, the variable !! represents the intercept for each developed model. An
increase in !! indicates a less spherical value since unity represents a spherical particle. Because
sphericity indices are greater than one, the proposed models hold true for sphericity values of one
or more. For roundness, all indices that increase in !! indicate a more round particle. Lastly,
since surface texture depends on a particle’s surface heights, an increase in !! represents a
rougher particle.

5.5.1

Critical State Friction Angle
Critical state friction angle was investigated using 47 observations from the direct shear

experiments for this statistical analysis. Stepwise regression was applied using the SAS
Enterprise Guide. The independent variables were entered based on a default and desired
significance level of 0.15 (Montgomery and Runger 2011); they were then removed from the
model if determined to be insignificant (0.05 level). Researchers have reported that normal stress
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and relative density significantly influence peak friction and dilatancy angles, but not the critical
state friction angle; therefore, normal stress and relative density were not included in the
regression model for the critical state friction angle. However, the parameter of silica sand’s true
friction (!! ) was explored by assuming an intercept value of 22°, similar to the sand’s true
friction (23°) reported by Rowe (1962). Consequently, the model evaluation was conducted with
this intercept by analyzing (!!" − !! ) values as the response variable. Table 5.7 summarizes the
stepwise regression for critical state friction angle. The order of the variable entry depended on
its F-value and significance to the model. The largest F-value was placed into the model first,
and then its significance based on its p-value determined if the variable should be removed. All
independent variables were entered except roundness, which did not meet the significance level
of 0.15. Therefore, the model indicated that roundness does not significantly influence critical
state friction angles.
The analysis of variance’s results (i.e., the degree of freedom (DF), sum of squares, mean
square, F-value, and p-value) for the critical state friction angle linear regression model are listed
in Table 5.8. The F-test determined if the combination of variables explained variance in the
response variable (i.e., critical state friction angle) and if it indicated a significant model. A large
F-value and a small p-value provide evidence of a good model. The analysis of variance
summary indicates that the model was significant with F(2,45) = 346.82 and p-value less than
0.0001. Overall, the model’s adj. R2 is 0.936, verifying that the model was important enough to

Table 5.7. Stepwise Regression Summary for Critical State Friction Angle Using SAS
Step Variable Variable
Model
Entered Removed R-Square
1
0.891
!!!
2
0.939
!!!
60

F-Value

P-Value

377.34
35.26

<0.0001
<0.0001

Table 5.8. Final Analysis of Variance for Critical State Friction Angle Using SAS
Source

DF
2

Sum of
Squares
3855.51

Mean
Square
1927.75

Model
Error

45

250.13

5.56

Corrected
Total

47

4105.64

F-value

P-value

346.82

<0.0001

investigate since the variables’ linear combination accounts for approximately 93.6% of variance
in the critical state friction angle.
Once the analysis of variance proved that this was a substantial model to investigate, each
variable’s parameter estimates were observed and evaluated. Table 5.9 summarizes each
variable’s parameter estimates with the degree of freedom, standard error, p-value, standardized
estimate, and variance of inflation. For each variable, all VIF values were less than 2. A VIF of
10 or more indicates a problem with collinearity. Since all VIF values were less than 10,
collinearity was not an issue for this linear regression model.
Outliers and violation of assumptions were then investigated to ensure an accurate model.
A scatter plot of the studentized residual (RStudent), which are the residuals divided by an
estimate of their standard deviation, was used when evaluating these issues. The studentized
residuals versus predicted value with ±2!! boundary lines are shown in Figure 5.5. All but two
studentized residuals lay within ±2!! and all lay within ±3!! , indicating outliers were not an
issue. Moreover, no noticeable pattern was seen in the residuals; therefore, the linearity
assumption was not violated.
The regression model’s normality of residuals was another assumption that had to be
evaluated. Based on a visual evaluation, the residuals lay close to the 1:1 line, indicating that the
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Table 5.9. Parameter Estimates for the Critical State Friction Angle Model
Variable

DF

!!!
!!!

1
1

Parameter
Estimate
3.405
2.596

Standard
Error
0.470
0.437

Pr>|t|
<0.0001
<0.0001

Standardized
Estimate
0.550
0.451

VIF
4.253
4.253

Figure 5.5. Studentized Residual versus Predicted Value for Critical State Friction Angle
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residuals were indeed normal (Figure 5.6). Moreover, a p-value of 0.291 was found using the
Shapiro-Wilk test for normality. According to Longnecker and Ott (2010), a p-value between
0.10 and 0.50 for assessing normality provides a good fit. Therefore, the residuals were found to
follow a normal distribution, and no assumptions were violated.
Since no assumptions for a linear regression were violated, the model could be
confidently outlined. Sphericity and surface texture (i.e., the explanatory variables) were input
parameters for the critical state friction angle linear regression model:

!!" = 22° + 3.405!!! + 2.596!!!

(5.1)

Equation 5.1 corresponds to the parameter estimates shown in Table 5.9. The most influential
variable was based on the standardized regression estimate (!), which for this model correlated
with the significance of the stepwise regression summary selection (Table 5.7). The standardized
regression estimates measured the dependent variable’s standard deviation increase as a single
independent variable experiences one standard deviation change. Since larger values indicated
the most effect, the most influential variable was determined to be the sphericity index
(!=0.550), which is positively related to the critical state friction angle. An increase in sphericity
index resulted in an increase in critical state friction angle. This finding suggests that as a particle
becomes less spherical, the critical state friction angle increases. Moreover, spherical particles
may have fewer particle contacts that would attribute to frictional resistance when compared to a
less spherical particle.
Surface texture (!=0.451) is the second-most significant variable affecting critical state
friction angle. Moreover, surface texture was positively related to the critical state friction angle.
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Figure 5.6. Quartile-Quartile Plot for Critical State Friction Angle
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Surface texture caused more frictional resistance since it may have contributed to particle
rearrangement and translation capabilities influenced by particle-on-particle contacts.
Although some studies (e.g., Dodds 2004 and Edil and Benson 2007) have reported that
as roundness increases, critical state friction angle decreases, roundness was not found to be an
influential factor in this study. Since roundness was determined to be insignificant (0.05 level),
some reasons include that the other explanatory variables overpowered the significance of
roundness. However, the range of roundness indices was narrow for the sands selected for this
study. The range for roundness was 0.204 with the lowest and highest values being 0.837 and
1.041, respectively. For sphericity and surface texture, the range was 1.471 and 2.933,
respectively. Therefore, experiments with a larger range of roundness indices should be
conducted.
The predicted values from the linear regression model were compared to experimental
values displayed in Figure 5.7 to investigate the model’s reliability. The values lay close to the
1:1 line, indicating that the model produced reliable predictions. A grouping of the glass beads
was identified with lower critical state friction angle values (Figure 5.7). Moreover, to display
the linear regression model’s goodness of fit, the coefficient of determination was 0.939 with an
adj. R2 of 0.936. With the linear combination of variables, the model explained 93.6% of the
variability of critical state friction angle. A 95% prediction interval (i.e., estimating where 95%
of future observations will lie) is shown in Figure 5.8.

5.5.2

Peak Friction Angle
Peak friction angle was investigated using 31 observations since all loose states did not

exhibit a peak behavior. Stepwise regression was applied with the same independent variables
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Figure 5.7. Model versus Experimental for Critical State Friction Angle
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Figure 5.8. Model versus Experimental Measurements with a 95% Prediction Interval
for Critical State Friction Angle
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with the addition of relative density and normal stress. Table 5.10 shows the stepwise regression
summary along with the F-value and p-value for each step. Since researchers have reported that
normal stress is an influential variable to peak friction angle, a model with normal stress was
preferred; therefore, normal stress was placed in the model before the stepwise regression was
applied. With normal stress included, each variable was considered significant to the 0.05 level,
and the model’s R2 increased with each additional variable entered.
Table 5.11 presents the results of the analysis of variance for the peak friction angle
model. The degree of freedom, sum of squares, mean square, F-value, and p-value for the model
are shown. The analysis indicated a significant model with F(5,25) = 18.31 and a p-value less
than 0.0001. The adj. R2 for the model was 0.743, indicating that the variables’ linear
combination in this model accounted for approximately 74.3% of variance in peak friction angle,
in turn suggesting the model was substantial enough to investigate.
Because the model proved to be substantial enough to investigate, parameter estimates
were observed and evaluated. Parameter estimates as well as the degree of freedom, standard
error, p-value, standardized estimate, and VIF for peak friction angle are shown in Table 5.12.
Each variable had a VIF value less than 2, indicating that there was no problem with collinearity
within the model since VIF was less than 10.
Other assumptions such as outliers and residuals were investigated to ensure an accurate
model. Figure 5.9 shows the studentized residual versus predicted value with ±2!! boundary
lines. Outliers were not an issue since all but two studentized residuals lay within ±2!! and all
within ±3!! . Moreover, the linearity assumption was not violated since no obvious patterns of the
residuals were observed.
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Table 5.10. Stepwise Regression Summary for Peak Friction Angle Using SAS
Step Variable Variable
Model
Entered Removed R-Square
1
0.491
!!!
2
0.611
!!!
3
0.666
!!!
4
0.786
!!!

F-Value

P-Value

27.39
7.78
4.30
13.95

<0.0001
0.0096
0.0481
0.0010

Table 5.11. Final Analysis of Variance for Peak Friction Angle Using SAS
Source

DF
5

Sum of
Squares
490.07

Mean
Square
98.01

Model
Error

25

133.80

5.35

Corrected
Total

30

623.871

F-value

P-value

18.31

<0.0001

Table 5.12. Parameter Estimates for the Peak Friction Angle Model
Variable

DF

!!
!!
!!!
!!!
!!!
!!!

1
1
1
1
1
1

Parameter
Estimate
43.093
-0.002
0.053
6.568
-29.163
2.256

Standard
Error
10.434
0.003
0.013
1.079
10.084
0.604
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Pr>|t|

!

VIF

0.0004
0.4638
0.0003
<0.0001
0.0078
0.0010

0
-0.077
0.474
0.618
-0.298
0.459

0
1.264
1.523
1.203
1.238
1.761

Figure 5.9. Studentized Residual versus Predicted Value for Peak Friction Angle
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The residuals’ assumption of normality for the linear regression was then evaluated. The
residuals were indeed normal since they lay close to the 1:1 line as shown in Figure 5.10.
Moreover, the Shapiro-Wilk test for normality found a p-value of 0.542, indicating that the
residuals were normal. According to Longnecker and Ott (2010), a p-value greater than 0.50 for
the normality assessment provides an excellent fit. Therefore, the residuals were an excellent fit
for normality.
No assumptions for a linear regression were violated; therefore, the linear regression
could be outlined with confidence. Corresponding to the parameter estimates shown in Table
5.12 and the inclusion of normal stress, all explanatory variables (i.e., relative density, sphericity,
roundness, and surface texture) are input parameters for the peak friction angle linear regression
model:

!! = 43.093 − 0.002!!! + 0.053!!! + 6.568!!! − 29.163!!! ! + 2.256!!!

(5.2)

Based on the standardized regression estimate, the variables in descending order from most to
least significant were sphericity, relative density, surface texture, roundness, and normal stress
(Table 5.12). A large sphericity index (!=0.618) resulted in an increase in peak friction angle,
indicating that a less spherical particle results in an increase in peak friction angle. Since the
specimen’s particle rearrangement and dilation were associated with peak friction angle, a less
spherical particle resulted in increased volume because more stress was needed to force the
particle to translate/rotate, in turn increasing peak friction angle.
The second-most influential variable was relative density (!=0.474), which had a positive
relationship with peak friction angle, indicating a denser specimen would increase peak friction
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Figure 5.10. Quartile-Quartile Plot for Peak Friction Angle
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angle. As relative density increased, the particles’ packing was tighter and resulted in more
particle contacts. More particle-to-particle contacts resulted in the morphology’s more influential
behavior (i.e., frictional resistance from surface texture or interlocking because of the particle’s
sphericity and roundness). Moreover, increased relative density typically increases dilation and
rearrangement of particles, which based on previous research results in an increase in peak
friction angle.
Surface texture (!=0.459) was the peak friction angle’s third-most influential variable.
An increase in surface roughness resulted in increased peak friction angle. The particles’
behavior at particle-to-particle contacts may be influenced by surface texture, thus identifying
surface texture’s significance within the peak friction angle model.
The fourth-most significant variable based on the standardized regression estimates was
roundness (!=-0.298). The relationship between roundness and the peak friction angle is
inversely related (i.e., as roundness increased, the peak friction angle decreased). Since a lessrounded particle indicates sharper edges, decreased roundness may increase both the number of
particle contacts as well and particle interlocking. Moreover, increasing particle interlocking
increases resistance and therefore the sands’ peak friction angle.
Lastly, normal stress (!=-0.077) was evaluated to determine its influence in the model.
As normal stress increased, the peak friction angle decreased, meaning they were inversely
related. It is well known that increasing normal stress suppresses dilation and particle
rearrangement, thus explaining the decrease in peak friction angle.
The predicted values from the peak friction angle model were compared to experimental
values to determine the model’s reliability as shown in Figure 5.11 The model produced reliable
predictions since the values lay close to the 1:1 line. Moreover, R2 was 0.7855 while adj. R2 was
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Figure 5.11. Model versus Experimental for Peak Friction Angle
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found to be 0.7426. Therefore, the variables’ linear combination explains 74.26% of the peak
friction angle’s variation. Figure 5.12 displays the 95% prediction interval, where 95% of future
observations would fall.

5.5.3

Dilatancy Angle
The dilatancy angle was investigated using 47 observations. Stepwise regression was

applied to investigate the explanatory variables’ significance to the dependent variable dilatancy
angle. The stepwise regression summary, F-value, and p-value for each variable are shown in
Table 5.13. Similar to the peak friction angle, researchers have reported normal stress as an
influential factor to dilatancy angle; therefore, normal stress was included in the model. All other
variables except roundness were significant to the 0.05 level, and the model’s R2 increased with
each additional variable.
The results of the analysis of variance (including the degree of freedom, sum of squares,
mean square, F-value, and p-value) for the dilatancy angle regression model are summarized in
Table 5.14. A large F-value and the small p-value of less than 0.0001 indicated a significant
model with F(4,42)=119.53. The model’s adj. R2 was 0.912, indicating that approximately 91.2%
of variance in the dilatancy angle is explained by the variables’ linear combination. Therefore,
the model was significant and the assumptions needed to be evaluated.
Each variable’s parameter estimates were evaluated since the analysis of variance proved
that this was a substantial model. The parameter estimate, degree of freedom, standard error, pvalue, standardized estimate, and VIF are presented in Table 5.15. All VIF values were less than
10 for each variable, indicating that collinearity within the model was not a problem.
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Figure 5.12. Model versus Experimental Measurements with a 95% Prediction Interval
for Peak Friction Angle
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Table 5.13. Stepwise Regression Summary for Dilatancy Angle Using SAS
Step Variable Variable
Model
Entered Removed R-Square
1
0.7710
!!!
2
0.8819
!!!
3
0.9193
!!!

F-Value

P-Value

146.20
40.36
19.43

<0.0001
<0.0001
<0.0001

Table 5.14. Final Analysis of Variance for Dilatancy Angle Using SAS
Source

DF
4

Sum of
Squares
1720.77

Mean
Square
430.19

Model
Error

42

151.16

3.60

Corrected
Total

46

1871.92

F-value

P-value

119.53

<0.0001

Table 5.15. Parameter Estimates for the Dilatancy Angle Model
Variable

DF

!!
!!
!!!
!!!
!!!

1
1
1
1
1

Parameter
Estimate
-7.499
-0.001
0.113
3.849
1.647

Standard
Error
1.283
0.002
0.005
0.780
0.374
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Pr>|t|

!

VIF

<0.0001
0.5346
<0.0001
<0.0001
<0.0001

0
-0.028
0.990
0.246
0.233

0
1.058
1.118
1.289
1.447

Once collinearity was evaluated, the studentized residuals determined that the linear
regression had no outliers and did not violate its assumptions. The studentized residual versus
predicted value with the ±2!! boundary is shown in Figure 5.13. All but three studentized
residuals lay within ±2!! while one value was close but not outside the range of ±3!! . Moreover,
with no noticeable pattern for the residuals, no assumptions were violated.
Normality of residuals based on visual evaluation and the Shapiro-Wilk test ensured that
the normality assumption was not violated. Figure 5.14 displays the Quartile-Quartile plot and
indicates that the residuals were normal since they lay close to the 1:1 line. Moreover, the
Shapiro-Wilk test for normality yielded a p-value of 0.957 and indicated an excellent fit.
Therefore, no assumption was violated and the residuals followed a normal distribution.
The dilatancy angle model, corresponding to the parameter estimates shown in Table
5.15, could be confidently outlined since no assumptions for a linear regression were violated.
Normal stress, relative density, sphericity, and surface texture (i.e., the explanatory variables)
were significant to the model:

!! = −7.499 − 0.001!! + 0.113!!! + 3.849!!! + 1.647!!!

(5.3)

Roundness did not prove significant to the 0.15 level, possibly indicating that the other variables
were far more significant or that the tested sands’ range of roundness was somewhat limited.
Based on the standardized regression estimates, relative density (!=0.990) was the dilatancy
angle model’s most influential factor. Relative density was positively related to dilatancy,
meaning with increasing relative density, the expansion of the specimen increased. A more
densely packed specimen increases dilatancy since during shear the particles must ride up and
roll over other particles, resulting in the sands’ expansion.
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Figure 5.13. Studentized Residual versus Predicted Value for Dilatancy Angle
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Figure 5.14. Quartile-Quartile Plot for Dilatancy Angle
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Sphericity (!=0.246) was the second-most influential variable to dilatancy. With an
increased sphericity index, dilatancy angle was increased. Thus, as a particle becomes less
spherical, the sand’s tendency to dilate increases. A less spherical particle may have contributed
to more particle rearrangement, therefore increasing dilatancy.
The third-most significant variable is the particle’s surface texture (!=0.233), which has
a positive relationship with the dilatancy angle. As a particle’s surface becomes rougher, more
expansion is exhibited. However, at particle contact points, a smoother particle may tend to roll
over another particle but then slip, such as in the glass beads’ stick-slip phenomenon.
Lastly, normal stress (!=-0.028) was included to determine its influence in the model.
Normal stress demonstrated an inverse relationship with dilatancy angle, indicating that as the
specimen’s normal stress increased, the dilatancy angle decreased, hence suppressing specimen
expansion. A specimen at lower normal stress increased the dilatancy angle.
The model’s predicted values were compared to experimental values shown in Figure
5.15 to determine the model’s reliability. The values indicated that the model produced reliable
predictions since the values lay close to the 1:1 line. The coefficient of determination was found
to be 0.919 while adj. R2 was 0.912. Therefore, through this linear combination of variables, the
model explains 91.2% of the dilatancy angle’s variability. The model displayed an excellent
correlation to the experimental values. The 95% prediction interval is shown in Figure 5.16,
estimating where 95% of future observations will fall.
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CHAPTER 6
CONCLUSIONS AND RECOMMENDATIONS
6.1 Conclusions
This thesis investigated the effect of sphericity, roundness, and surface texture, as well as
normal stress and relative density, on uniform sands’ friction and dilatancy. Direct shear
experiments on glass beads and three types of silica sands with different particle morphologies
and the same gradation was conducted at four different normal stresses to investigate particle
morphology’s impact on granular materials’ shear strength. Moreover, particle morphology
indices from 3D images reported by Alshibli et al. (2014) provided a valuable source for random
sampling, and particle morphology significantly influenced granular material’s shear strength.
Stepwise regression along with the evaluation of peak friction angle, critical state friction angle,
and dilatancy angle models were conducted using the SAS Enterprise Guide. Based on the
experimental work, morphology indices from literature, and statistical analyses, the following
conclusions are drawn:
•

The effect of normal stress and relative density on the shear response of the silica sands and
glass beads was demonstrated using direct shear. An increase in normal stress decreased or
suppressed the sands’ peak friction and dilatancy angles. The models developed for peak
friction and dilatancy angles confirmed this relationship by displaying a negative parameter
estimate for normal stress. Therefore, low normal stresses increase both peak friction and
dilatancy angles.

•

Relative density considerably influenced the sands’ peak friction angles and dilatancy angles.
As relative density increased, peak friction and dilatancy angles increased; therefore, the
positive parameter estimate for relative density was displayed. This finding agrees with
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previous research since densely packed particles tend to dilate when they are sheared
whereas loosely packed particles typically contract. Based on statistical analyses, relative
density was determined to be the most influential explanatory variable for dilatancy angle
and the second-most influential variable for peak friction angle when evaluating the
standardized regression estimates.
•

Particle morphology influenced the sands’ shear strength parameters with at least two
morphology parameters included in each model. More specifically, sphericity and surface
texture are included in all three of the developed linear regression models.

•

Sphericity influenced the critical state friction, peak friction, and dilatancy angles. Sphericity
played a critical role in the peak and critical state friction angle linear regression models by
being the most significant variable based on standardized regression estimates. Moreover,
sphericity was the second-most significant variable for the dilatancy angle model. Each
model demonstrated that as particles become less spherical, the peak, critical state friction,
and dilatancy angles increased. Therefore, sphericity is considered the most significant
particle morphology parameter of granular materials’ shear strength.

•

Roundness did not prove to be as influential to the models when compared to the particles’
sphericity and surface texture. No significant effect (0.15 level) on critical state friction angle
and dilatancy angle was observed by SAS; therefore, roundness was excluded from the
models. On the other hand, roundness affected the sands’ peak friction angle; however, it was
not as significant as sphericity or surface texture based on the standardized regression
estimates. As roundness increased, peak friction angle decreased, indicating that a particle
with sharp edges increase peak friction angle. The range of roundness tested was
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considerably less than the range of sphericity and surface texture; therefore, testing more
sands with a wider range of roundness indices would be valuable.
•

Surface texture’s effect was significant to all models. The critical state friction angle linear
regression model showed that surface texture was the second-most influential variable.
Moreover, peak friction angle and dilatancy angle models demonstrated that surface texture
was the third-most influential variable. Thus, as the particle’s surface roughness increases,
peak and critical state friction angles as well as dilatancy angles are expected to increase.

•

The critical state friction angle resulted in an Adjusted R2 of 0.936 while peak friction angle
and dilatancy angle resulted in an Adjusted R2 of 0.743 and 0.912, respectively. The linear
regression for critical state friction angle explained more variability based on its linear
combination of variables and the suggested intercept of 22°. The intercept value was
investigated to account for silica sands’ true friction and provided a good fit in the model.

•

Random sampling with one standard deviation from Alshibli et al.’s (2014) indices
sufficiently captured particle morphology’s influence. The SAS Enterprise Guide software
with its capabilities of stepwise regression and model evaluation was a useful tool in this
study. Ultimately, model evaluation based on the analysis of variance, variance of inflation,
and residuals proved that no collinearity issues existed and that all assumptions for the linear
regression were met. Friction and dilatancy angles for the model correlated well with
experimental measurements, and the prediction interval was developed.
This study investigated multiple explanatory variables that predicted granular materials’

friction and dilatancy. The models incorporated multiple variables; therefore, the most influential
parameters were identified. The linear regression models accurately predict friction and dilatancy
angles from the experiments conducted. Understanding particle morphology and its relationship
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to shear strength parameters has the potential to enhance the development of advanced
constitutive models describing granular materials’ behavior.

6.2 Recommendations
Experimental work and particle morphology indices from Alshibli et al. (2014) provided
well-correlated models to predict experimental values for friction and dilatancy angles. This
thesis builds on previous research regarding particle morphology’s influence by investigating
multiple explanatory variables’ effects as an alternative to merely studying roundness or surface
texture. Encompassing more than one parameter provides a more accurate model. Thus, the
results lead to the following recommendations for future research:
•

Evaluate a wider range of granular materials with a larger variance of particle
morphology indices, especially the parameter roundness.

•

Test with more sphericity values less than unity to model kidney-shaped particles.

•

Investigate other morphology indices based on 2D and 3D imaging.

•

Perform experiments using another type of test, such as the triaxial test.

•

Increase the number of observations for more robust shear strength models.

•

Investigate how particle morphology changes after shearing.
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Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for #1 Dry Glass
Sand, 15 kPa, Medium-Dense Specimens

94

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for #1 Dry Glass
Sand, 50 kPa, Medium-Dense Specimens

95

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for #1 Dry Glass
Sand, 100 kPa, Medium-Dense Specimens

96

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for #1 Dry Glass
Sand, 400 kPa, Medium-Dense Specimens

97

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for #1 Dry Glass
Sand, 15 kPa, Loose Specimens

98

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for #1 Dry Glass
Sand, 50 kPa, Loose Specimens

99

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for #1 Dry Glass
Sand, 100 kPa, Loose Specimens

100

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for #1 Dry Glass
Sand, 400 kPa, Loose Specimens

101

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for GS#40
Columbia Sand, 15 kPa, Dense Specimens

102

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for GS#40
Columbia Sand, 100 kPa, Medium-Dense Specimens

103

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for GS#40
Columbia Sand, 50 kPa, Loose Specimens

104

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for GS#40
Columbia Sand, 100 kPa, Loose Specimens

105

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for Glass Beads,
100 kPa, Dense Specimens

106

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for Glass Beads,
15 kPa, Medium-Dense Specimens

107

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for Glass Beads,
100 kPa, Medium-Dense Specimens

108

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for Glass Beads,
400 kPa, Medium-Dense Specimens

109

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for Glass Beads,
15 kPa, Loose Specimens

110

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for Glass Beads,
50 kPa, Loose Specimens

111

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for Glass Beads,
100 kPa, Loose Specimens

112

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for F-35 Ottawa
Sand, 50 kPa, Dense Specimens

113

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for F-35 Ottawa
Sand, 100 kPa, Dense Specimens

114

Note: * indicates the test used for statistical modeling.
Normalized Shear Stress and Normal Displacement versus Shear Displacement for F-35 Ottawa
Sand, 400 kPa, Dense Specimens
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